AIChE

Thermodynamic Approach to Interfacial Transport Phenomena:
Single-Component Systems

Hans Christian ()ttinger
Dept. of Materials, ETH Zirich, Polymer Physics, HCI H 543, Ziirich CH-8093, Switzerland

David C. Venerus
Dept. of Chemical and Biological Engineering, Illinois Institute of Technology, Chicago, IL 60616

DOI 10.1002/aic.14399
Published online February 22, 2014 in Wiley Online Library (wileyonlinelibrary.com)

Balancing extensive quantities at interfaces in terms of excess densities is a subtle problem because these densities
change with the precise location of the dividing surface within the interfacial region. We propose to handle such ambi-
guities for moving interfaces by introducing a gauge degree of freedom associated with the location of the dividing sur-
face and by studying all the normal velocities associated with different excess densities. Unambiguous interfacial
balance equations can then be obtained directly from the differences between normal velocities. By assuming local equi-
librium, considering the interfacial entropy balance, and identifying the entropy production rate at the interface, we are
naturally led to thermodynamically consistent constitutive assumptions for the fluxes characterizing transport in the
interface and for the boundary conditions characterizing transport across the interface. The usefulness and generality of
the proposed approach is illustrated in the context of several examples. © 2014 American Institute of Chemical Engi-

neers AIChE J, 60: 1424-1433, 2014
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Introduction

It is well established that models based on transport phe-
nomena are essential for developing a deep understanding of
chemical and biological processes and for their efficient
design and operation. The cornerstone of transport phenom-
ena are balance equations for mass, momentum, and energy.
When expressed in differential form, the balance equations
apply to all points within a given phase; for multiphase sys-
tems, each phase is governed by its own set of balance equa-
tions. A detailed treatment of transport phenomena has been
elaborated in the famous textbook of Bird et al.' Communi-
cation between distinct phases takes place at interfaces in
the form of boundary conditions, which are usually formu-
lated by assuming the phases are in equilibrium at the inter-
face, and using two-dimensional forms of the balance
equations for mass, momentum, and energy.

It will be useful to provide a brief review of the transport
phenomena equations for bulk phases. This review will serve
as a rough outline of the approach to be developed in subse-
quent sections and will establish the notation we shall use.
Let us consider the balance equations for a given phase com-
prised of a single component, which can be formulated by
considering a stationary region in space with fixed volume.
The balance equation for mass density p, or continuity equa-
tion, can be written as follows
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The balance equation for momentum density M =pv can,
neglecting external forces, be written as

a—M:—V - (vM+m) (2)
ot

where 7 is the flux of momentum relative to that convected
by the velocity v, or pressure tensor. The balance equation for
angular momentum implies the pressure tensor is symmetric:
n=n'. Note that it is more common to refer to the product pv
as a mass flux, and it is rare to refer to it as momentum den-
sity and assign to it a separate variable M as we have done in
(2). For our purposes, there is no difference between the
momentum density M and the mass flux pv, but we will find
it convenient to use the former in clarifying the structure of
balance equations. The balance equation for total energy den-
sity e, again neglecting external forces, takes the form

de

ot
where j, is the (diffusive) flux of energy relative to that con-
vected with v. Typically, one is interested in the balance
equation for internal energy density u=e— %pvz, which is
obtained by subtracting from (3) the balance equation for
kinetic energy density, which is obtained by forming the sca-
lar product of v with (2). This leads to the following balance
equation for the internal energy density

Ou _
ot

=V (vetj,+m-v) (3)

=V (vutj,)—m:Vy )
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The above balance equations* are not a solvable set of equa-
tions, as the number of unknowns they involve is larger than
the number of equations.

It is worthwhile to notice the structure of the balance
equations in (1)—(4): the left-hand sides express the time rate
of change of a density at a fixed point, and terms of the
form —V - (..) on the right-hand sides express the net flux of
a density to the point, which consist of a convective part
associated with v, and a diffusive part relative to v." The
presence of terms not of the form V- (..), which are source
terms, indicates the balance equation governs the density of
a quantity that is not conserved. Hence, mass, momentum,
and total energy are conserved quantities, while internal
energy is not.

One approach to resolve the under-determined state of the
balance equations for mass, momentum, and energy is via
thermodynamics. To do so, we assume there exists at each
point a local thermodynamic equilibrium state and introduce
the thermodynamic potential for internal energy density
u=u(s,p), where s is the entropy density. The balance equa-
tion for entropy density can be written as

%=—V~ (vs+j,)to 5)
where j, is the diffusive entropy flux and ¢ is a source term,
which must be nonnegative. From the thermodynamic poten-
tial, we have Gibbs fundamental form: du=Tds+ jidp, where
the temperature is defined as T=(Ju/ds), and chemical
potential per unit mass as i=(0u/0p),. Also, from the
extensivity of mass, energy, and entropy, we have the Euler
equation: p+u=Ts+jp, where p is pressure. Using these
results, it possible to write the entropy source term as

1 1
a:jq . V(;) - TT :Vy 6)

To arrive at this equation, we have decomposed the pressure
tensor in the form: m=pd+r, where 7, which inherits the
symmetry of m, is the pressure on top of the local equilib-
rium pressure, or “‘extra stress.” We have also identified the
famous irreversible entropy flux that is proportional to heat
flux: j,=j,/T.

It is of interest to express the fundamental form and Euler
equations in terms of total energy. Since e=u+% 2, the
fundamental form can be written as

1
de=Tds+ (ﬂ—ivz)dm-v-dM (7
and the Euler equation takes the form
1
et+p=sT+ (ﬂ—ivz)p-i-wM ®)

The expressions in (7) and (8) identify v as an intensive ther-
modynamic variable.

The simplest way to ensure the entropy source term in (6)
is nonnegative is to make it a quadratic form by choosing

*It is more common' to write balance equations using per unit mass quantities rather
than as per unit volume (densities). For a density a, the per unit mass (specific) quan-
tity is given by a=alp.

A detailed discussion of the inconsistencies resulting from the inclusion of a diffu-
sive mass flux in single component systems can be found elsewhere.” Hence, through-
out this development we take j, =0.
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the force-flux relations to be linear. For the energy flux, we
have

Jj,=—NT )

where 4 is the thermal conductivity, and for the extra pres-
sure tensor

T=—y Vv+(Vv)T—§(V )0 (10)

where 7 is the shear viscosity (note that for convenience we
have excluded a contribution from bulk viscosity). The
famous constitutive equations in (9) and (10) are known as
Fourier’s law and Newton’s law of viscosity, respectively.
Combining (9) and (10) with the balance equations in (2)
and (4) and using (1) gives the following

ov , 1 Op Ip
4y = 4 - ) — [ 22 _ (22
p(@t v Vv) nVy 3nV(V V) <6p)TVp <8T pVT
(1)
. (0T a2 Op
g (12)

+1 {Vv—i—(Vv)T—%(V : v)5} :Vy

where we have taken 1 and A to be constant. The volumetric
properties of the bulk phase fluid are obtained from an equa-
tion of state p=p(T,p), and ¢; (constant-volume specific
heat) is obtained from a second-order derivative of the ther-
modynamic potential. The equations in (1), (11), and (12)
are a set of three equations that govern p, v, and 7. Note
that the equation governing p is first order and those govern-
ing v and T are second order. Hence, at the interface
between two interacting bulk phases, one boundary condition
is required relating the densities of the two phases, and two
boundary conditions each are required relating the velocities
and temperatures of the two phases.

Our goal is to formulate balance equations for interfaces
that separate bulk phases. Interfacial balance equations are
essential for prescribing boundary conditions at phase inter-
faces. A number questions immediately come to mind. For
example, how does one formulate balance equations at surfa-
ces that in general are not stationary, and do interfaces them-
selves possess fields analogous to the mass, momentum, and
energy densities used to describe bulk phases? Also, how
does one handle the large differences in densities that exist
near the interface? A number of approaches have been used
to address some of these issues in the formulation of balance
equations for interfaces. Typically, these approaches are
based on the idea of an interface with a small, but finite,
thickness, and then taking the limit of vanishing thickness.
Extensive treatments of this and similar types of approaches
can be found in several books.” A nonequilibrium thermo-
dynamic description of interfaces based on the Gibbs®
approach has been developed by Bedeaux et al.”® and the
implications of local equilibrium at interfaces has been
explored rf:cently.9 The approach we use here is based more
on intuition and the experience gained from developing
transport equations for bulk phases using thermodynamics as
a guide. To illustrate this nonstandard approach, we consider
one-component systems. The formulation of interface bal-
ance equations for multicomponent systems will be discussed
in a future publication.
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Dividing Surfaces and Normal Velocities

Suppressing two lateral dimensions, the idealization of an
interface as a surface of discontinuity between two bulk
phases is illustrated in Figure 1. Instead of a continuous den-
sity profile that changes within a few nanometers from the
value of one bulk phase to the value of another bulk phase,
we assume that the two bulk phases touch in the surface of
discontinuity. The precise choice of the location of this
dividing surface within the interfacial region is not unique.
A possible procedure to fix the position is to postulate that
the total masses obtained by integrating the two profiles in
Figure 1 are exactly equal. Whereas this definition looks
quite natural, things are not really so simple. For example,
for a multicomponent system, the proposed construction
works only for one selected species of particles. For any
other species, we expect an excess mass density at the inter-
face, which is defined as the mass obtained from the true
continuous profile minus the mass from the discontinuous
idealization per unit area. Such excess densities, which can
be associated with all extensive properties, depend on the
precise location of the interface. Note that these excess quan-
tities are accumulated in the interface; therefore, a corre-
sponding surface density should be defined as the amount of
the quantity per unit area instead of the amount per unit vol-
ume occurring naturally in the usual bulk density. Whereas
excess densities are ambiguous under small displacements of
the interface, relationships between excess densities may be
unambiguous, thus containing important physical informa-
tion. We call a small displacement of the interface, which
leads to changes of the various excess densities, a gauge
transformation. We refer to properties that are not affected
by the precise location of the interface as gauge invariant.
The gauge degree of freedom is a result of the Gibbs phase
rule, which implies that one physical degree of freedom is
lost for the coexistence of two phases. For three coexisting
phases, we would have two gauge degrees of freedom for
the contact line.

In the words of Gibbs,® “It will be observed that the posi-
tion of this [dividing] surface is as yet to a certain extent
arbitrary.” Excess quantities “are determined partly by the
state of the physical system which we are considering, and
partly by the various imaginary surfaces by means of which
these quantities have been defined.”

phase 11
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Figure 1. True continuous density profile (continuous
line) and an idealized profile for two bulk
phases touching in a surface of discontinuity
(dashed line).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 2. Density profile of a conserved quantity; as a
consequence of a net accumulation of that
quantity in the interfacial region, the dividing
surface for a*=0 (dashed line) moves to the
right.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

We are interested in nonstationary interfaces that interact
with the two bulk phases with which they are in contact.
This situation is shown schematically in Figure 2 where we
arbitrarily choose the unit normal n to the surface so that it
points into phase I and out of phase II. What happens if we
move the dividing surface in Figure 2 by a distance ¢ to the
right? Of course, the integral under the continuous curve
does not change. The integral under the dashed profile
increases by £(p"" —p'), where p' and p"" are the mass den-
sities of the two bulk phases at the interface. Hence, displac-
ing the dividing surface a distance ¢ results in a change in
the excess mass density p* — pS+£(p'—p™"), which is a
gauge transformation. Note that ¢ times volume density has
the proper dimensions of a surface density. For any excess
density a®, we have the gauge transformation

& — a*+(a"—d") (13)

If the interface is not planar, then the gauge transformation
is generalized to the following

& — a*+{(a'—a" —a'V| - n) (14)
where VH is the surface gradient, or surface Nabla, operator.jIE

We are interested in balance equations for the excess den-
sities of mass p°, momentum M°®, internal energy u°, and
entropy s°. As we just discussed, all these quantities are
ambiguous, because they depend on the choice of the divid-
ing surface. To obtain unambiguous equations, we would
need to look at the evolution of quantities like u* in the
gauge fixed by p*=0. To avoid the need to consider two bal-
ances simultaneously, we start with a simpler question: How
can we determine the velocity of the evolving surface for
which a particular excess density vanishes at all times?

For any density a of a conserved extensive quantity, we
consider the surface for which the corresponding excess den-
sity vanishes, @*=0, and study the motion of this particular
surface. For the special case of a planar homogeneous inter-
face, the normal velocity v;, of the surface defined by a*=0
at all times is given by

v | can formally be written as the projection of V onto a surface with unit normal n,
v ={57nn) - V=4 - V; note, however, that for fields only defined in the interface,
the full V is undefined, whereas differentiations in tangential directions are possible.
Also note that V| - n=—2H, where H is the mean curvature of the surface.

April 2014 Vol. 60, No. 4 AIChE Journal


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

v (d' =d)=n-(a" +j —vd' =j)) (15)
The right-hand side of (15) represents the flux of a coming
from the bulk phases into the interfacial region, split into the
convective contribution va and the diffusive contribution j,
known from the balance equations for each bulk phase. If, as
suggested in Figure 2, the net effect is an inflow of a into
the interfacial region, the bulk phase with the higher value
of a expands at the expense of that with the lower value of
a, where the required positive value of the normal velocity
Vi, is given by (15).

For an inhomogeneous interface, the surface defined by a*
=0 is no longer planar and its normal velocity may be
affected by transport processes taking place within the inter-
face. We hence generalize (15) to

v (@ —a")=n - (v"a" +j" —vIaI—jf,)—VH -7 (16)
where the tangential vector field j; is the interface analogue
of the bulk conductive fluxes jL, j(IlI. Note that a convection
term in the interface would not make any sense in the pres-
ent discussion because we look at the surface with a*=0.
Source terms can be included for densities such as entropy
(and species mass for multicomponent systems).

By applying (16) to the exchange of mass and momentum
between the bulk and the interfacial region, we obtain

v, (p =p)=n- (" p" —v'ph) (17
and
VM =M =n- ("M" +7" =M~V 7t (18)

where the symmetric momentum flux tensor =° is purely
transverse. In writing (17), we have, based on the lesson
from bulk phases, taken j;=0.

The Interface Velocity

We have just seen that there are a multitude of interface
normal velocities corresponding to different dividing surfaces
where one of the extensive excess densities is zero. Are any
of these velocities special, and is it possible to identify v*,
the full velocity vector of the interface? To answer these
questions, we define v*=M"*/p% to be the gauge invariant
velocity of the interface. The gauge condition p*=0 implies
that also M*® must vanish for this gauge. Using this definition
and applying the gauge transformation in (13) for ¢®*=p* and
a*=M°, we obtain

1_ g1l

o, a9

which is a nonequilibrium Clapeyron equation for the rela-

tive jumps of the momentum density vector and mass
density.9’10

Taking the normal projection of (19) we obtain

11 _vs)pH (20)

n-(V'—v)p'=n-(v

which, when compared to (17) indicates v} =N v, If we
identify v},,=n - v*, then (18) can be written as

n- (V=M +all=n- [V =M +a" |-V 2 Q2D

Equations 20 and 21 are known as the jump mass balance
and jump momentum balance, respectively, which are easily
obtained by more standard methods.”™
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From the definition of »* in (19), it is possible to write the
following

11

0
Pl—ps=— —pH o (vH —vI) (22)
and
p!
pll—ys= —pH o (vH vI) (23)

which show the velocity differences for each phase depend
on the same jumps in velocity and density. Using (22) and
(23), the jump momentum balance (21) can be rewritten in
the alternative form

1 1\ !
(_pI - _pH> n- (W= —v)=n- (2" —nl)—V” -
(24)

Equation 24 relates jumps in the pressure tensor to jumps in
velocity and reciprocal density (that is, specific volume).

Note that there is no jump balance for the energy that would
be analogous to the jump balances (20) and (21) for mass and
momentum. The reason is that v), is different from
Vo=V, =n - v*. Although the difference between these veloc-
ities must be small because the distance between the surfaces
with p*=0 and ¢*=0 is of the order of the interfacial thickness,
this difference is exactly what matters for the evolution of the
interfacial energy in the gauge p*=0. The physical relevance
of the small difference v}, —v} o is a consequence of the fact
that we are dealing with ambiguous variables, each of which
can be made to vanish by a proper choice of the dividing sur-
face within the interfacial region, but one cannot make all
these small excess quantities vanish simultaneously.

We next introduce a splitting of the velocity »® into trans-
lational and deformational parts, v;. and vg., which is moti-
vated by the wish to introduce partial time derivatives of
fields living in the interface. We are then faced with the
problem of defining a time derivative at a “fixed” position
although the interface is moving. Such a concept requires a
given mapping of equivalent points of the interface at differ-
ent times.* Instead of a global mapping, we equivalently
introduce the velocity v;. associated with a trajectory of
equivalent points (see Figure 3) and write

vi= vtsr + vfjef (25)

The conditions that equivalent points follow the interface
and that the deformation takes place within the interface are
expressed by

n-v,=n-v’, n-vy;=0 (26)
The minimalist way of “following the interface” is given by

the normal-parallel splitting

v, =nn-v'=vin, v ,=(0—nn)- vs=vT| 27
Whereas we mostly assume the splitting (27), other choices
are possible. A simple situation in which we would choose a
different splitting is given by the uniform motion of a nonde-
forming interface; in that situation we would clearly choose
v, =%, so that v =0. An important ingredient in the general
splitting expressed in (25) and (26) is that uniform motion
affects only v;, so that our equations are Galilean invariant.

DOI 10.1002/aic 1427
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Figure 3. Instead of mapping equivalent points of a con-
tinuously deforming interface at two times t,
and i, (thick lines), we can alternatively look at
the trajectories associated with equivalent
points (thin arrows) and their time derivatives
providing the translational velocity field v}..

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

We are now in a position to introduce a surface partial
time derivative by following the interface without deforma-
tion, symbolically expressed as

> 0

&Z&-l-v‘:r ‘VH (28)
Note that Eq. 28 is merely a formal equation because strictly
speaking the partial derivative on the right-hand side has no
meaning. This equation is only meant to express the idea
that for a surface partial time derivative we need to follow
the equivalent points in the spirit of a substantial or material
time derivative. For the splitting in (27), the partial time
derivative in (28) is taken at a position within the interface
that is “as constant as possible.”

Energy and Entropy Evolution Equations

As pointed out before, the normal velocity v} associated
with the density of some extenswe surface density @* can be
different from v, =v,,,=v,. This difference can be trans-
lated into a rate of change of the excess density for the
gauge with p*=0. The rate of change of &* at a fixed posi-

tion on the interface can be expressed as follows
asas
ot

=)@ =d) =V (@) =@’V vy (29)
According to (16), v$,(a"l —a') is the amount of an extensive
quantity that accumulates in the interfacial region; in (29),
the effect of the moving reference surface is subtracted. The
last two terms in (29) correspond to convection in the inter-
face and to a relative change of surface area, which leads to
an inverse relative change of any surface density.*
By applying (16) to the total energy density e, we find

- (e —e) (v11€11+111+n11 _vu_vlel_j;_nl_vl)

” . (]Z-i-n: . VS)

For the entropy balance one should take into account that
the passage of entropy from the bulk into the interfacial
region, as well as a flow ji within the interface, both natu-
rally accompanied by an additional entropy production rate

(30)

SNote that only for the normal-parallel splitting in (27) we can write:
V- (Vi @)@V v =V - (v¥a).
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¢® resulting from dissipative processes in and around the
interface

J'H
Vs (SII_SI):n_ VHSH-FL

-1
J Wi s
ns Tl[ _vlsl_]?l> _VH ];+O— (31)

By applying (29) to the total energy density and using
(30), we arrive at

o%e*

ot

—n- [ =)l +J-}II | .vII_(VI_VS)eI_j(II_nI W

—V” . (vzefes+j2+7ts . VS)—ESVH . v‘:r
(32)

Note that we have used the reference velocity v correspond-
ing to the gauge p*=0. Similarly, applying (29) to the
entropy density, (31) can be rewritten as an entropy balance
equation

&5 _ 11 il ]g T syl 1'5
e (v: —v%)s +T“ —(v —v“)s—ﬁ 33)

_VH . (viefss-kj;)—ssVH . Vfr +d°

again in the gauge fixed by the condition p*=0.

It is worthwhile to make some observations about the
structure of the interface balance equations we have just for-
mulated. More specifically, let us compare the balance equa-
tions for energy and entropy in the bulk, (3) and (5), with
their interfacial counterparts in (32) and (33). The left-hand
sides express the time rate of change of a density—at a fixed
point in space for the bulk equations; at a fixed point on the
surface for the interface equations. Notice that going from
the bulk to the interface, terms corresponding to divergences
of fluxes —V - (..) appear in two forms: one is a surface
divergence —V|-(..) and the second as a difference
n-[(.)"=(.)"], where motion of the surface is subtracted
off the convective part. Terms of the form a*V| - v in (32)
and (33), which do not have counterparts in the bulk,
describe changes in an excess density due to changes in sur-
face area. The absence of time derivatives and convective
transport within the interface in (20) and (21) is a conse-
quence of these being formulated in the gauge where p*=0.

Local Equilibrium Assumption

In addition to the jump balance for mass and momentum,
we now have evolution equations for the energy and entropy
densities that characterize the physics of the interface. Up to
this point, our discussion about interfaces has been based
entirely on balancing and gauge transformations. We now
introduce the idea of local equilibrium thermodynamics to
relate the excess energy and entropy densities to temperature
and interfacial tension.

Analogous to bulk systems, one can write the Euler equa-
tion and fundamental form for the interface in global
equilibrium’

w=Ts +y+jp* (34)
and
At =Tds"+ udp® (35)

where y=—p?® is the interfacial tension, which does not appear
in (35). Whereas these fundamental equations for interfaces
look very similar to those for bulk phases, it should be noted
that they relate the well-defined intensive quantities 7, y, [,
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and the ambiguous or gauge variant excess densities u*, s°, p°.
The ambiguity of the excess densities is related to the fact
that, according to the Gibbs phase rule, one independent physi-
cal variable is lost because of the coexistence of two phases. If
we still use the same set of variables in (34) and (35), there
must exist one ambiguous degree of freedom for the interfaces
between coexisting bulk phases.

To formulate the gauge invariance of the interfacial ten-
sion, we write (34) as follows

' 1 .
,}):es_Ts S__ (ﬂs+ 5VSZ)ps (36)

Gauge invariance of y can then be expressed in the following
form resulting from the transformation law in (14)

eII —EI_TS(SH _SI)_ ('as+ %VSZ) (pII _pI): _VVH .n (37)
which one can recognize as a nonequilibrium generalization
of the Young-Laplace equation. At equilibrium, »'=
vl =ps=0, T'=T"=T%, and ,Ztl=,[1“ =[*, so that (37) reduces
to the following: p!! —p1=yVH - n. This result is also obtained
from the jump momentum balance (21) for a system at equi-
librium. Note that (37) also guarantees the gauge invariance
of the fundamental form for total excess energy, which is
given by: es=us+%psv52. Hence, using (35) and v*=M"/p®,
we obtain

c 1
de*=Tds*+ ([r— 5v52> dp*+v* - dM® (38)

which is clearly the surface analog of (7). The gauge invari-
ance condition (37) hence is of a crucial importance for our
development of interface balance equations under the local
equilibrium assumption.

As a next step, we use the fundamental form (38) to deter-
mine the entropy production rate ¢* occurring in the interfa-
cial entropy balance equation (33). As we have already
established the gauge invariance of (38), we can now apply
it in the gauge p*=0, which gives

Fet  Os*

ot ot

Substitution of (32) and (33) in (39) and assuming j; =j‘:[ /TS, we
obtain the following expression for the entropy production rate

(39)

1/1 1\! 1
Gs:_(T__I) n.{T[(eII_TsSII_vs.MII)(s_i_nII]
s \p® p p
1 .
_E [(el—Tssl—vS -MI)5+nl}} . (vll —vl)

1 11\ 11
g M~ ) e M\ T

. 1 1
+JZ . VH F—F‘Es : VHVS

(40)

This result has been simplified by the following decomposi-
tion of the surface pressure tensor: n°=—yd +1°, where ° is
the transverse excess surface stress tensor. Recall that the
isotropic part of the pressure tensor is positive for bulk
phases, whereas the “isotropic” contribution for the interface
is negative. Note that the entropy production rate in (40)
contains only gauge-invariant surface quantities 7° and »®.
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It is convenient to rewrite the entropy production rate in
(40), using (22) and (23) and the Euler relation to eliminate
entropy, in the equivalent form

1/1 1\"' pt!
=) ()
1T 1
n- (%—T—I) -n](v“—vl)w
omop
1 1 1 -1 11 1
t (T_—I) n- (%‘%) 0=,
s \p" p prop
1 1
I _ I _
S (Gt A e il -n(— —)

vt )

I TR T
+J‘S7.V“ﬁ_ﬁrs : VHVb

1 pI+pII

2 (VH _VI)2
20— ph

(41)

Note that in the above expression we have also decomposed
the velocity jump into normal and tangential components.
We have chosen the gauge p*=0, where e*=u®, so that the
evolution equation for #* is taken over from (32)
8SMS
ot

=n- [(VH _vs)eH _1_12 +7'EH . VH _(vl_vs)el_j;_nl ) VI]
=V (Vg T V) WY vy
(42)

It is important to note that, contrary to the procedure used to
derive (4) for a bulk phase, (42) is not obtained by subtracting
from the total energy the mechanical energy. For this reason,
important elements of structural consistency discussed earlier
are lost between (4) and (42). Note that the balance equation in
(42) has also been obtained by an alternative method.* A com-
monly used approximate form of (42), obtained when interfa-
cial terms are neglected, is the jump energy balance

1
n- {(vl—vs) <h1+ EplvF) -4—jf]-|-1:I . vl]

=n- [(VII *VS) (hH + %PH v112> +JIqI +‘L’H . VH:|

where h=u+p is the enthalpy density.

Before proceeding to the formulation of constitutive equa-
tions, we note that the jump momentum balance (21), or
(24), can using n°=—7d| +1° be rewritten as follows

Loy 0 Iyl n_ 1
———) n-(v—v)(v —v)=n-(t —-1)
ol pn)

+(" =p"n=y(V| - m)n+V =V -

43)

(44)

This form of the jump momentum balance shows the
Young-Laplace equation in the second and third terms on
the right-hand side, and the fourth term is the tangential
force due to variations of the interfacial tension, which is
known as the Marangoni force.

Constitutive Equations

In Introduction, we discussed how an analysis of the
entropy production can be used to formulate constitutive
equations. We here use the same idea for the entropy pro-
duction in and at the interface. The simplest way to
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guarantee that the entropy production is nonnegative is to
make each of the contributions in (41) nonnegative. The
result for the constitutive assumptions will depend on our
particular way of writing the entropy production rate.

The last two terms on the right-hand side of (41), which
are clear analogs of the force-flux products in (6), are
entropy production terms resulting from transport within the
interface. To ensure these terms are nonnegative, we assume
linear expressions for ]; and 7°

J==2V|T* 45)

where A° is the thermal conductivity of the interface, and
‘l,'s=—1/[s (V”VS) -5”4‘5“ . (VHVS)T—(VH : Vs)al\} 46)

where #° is the viscosity of the interface. The transport coef-
ficients A° and 5* for the interface must, of course, be non-
negative. The expression in (46) is a special case of the
Boussinesq interfacial fluid model; as with the bulk, alterna-
tive interfacial rheological constitutive equations are possi-
ble.*!! The diffusive transport (conduction) of energy within
an interface described by (45) does not appear to have been
investigated and is usually neglected.

The remaining terms in (41) can also be recognized as
force-flux products that account for entropy produced due to
transport between the bulk phases and interface. Note that
the forces are expressed in terms of differences rather than
gradients, and that the term involving the jump in tangential
components of velocity is of a different tensorial order than
all other terms. We hence handle this term separately, which
can be made nonnegative using the following expression

A 4 1 1\!
o"-=a () ()@

where & is a transverse mobility coefficient tensor character-
izing slip. The entropy source terms in (41) involving the
jump in normal velocity components and temperature jumps
all have the same tensorial order (scalar). The most general
approach to ensure nonnegative entropy production is to allow
coupling of force-flux pairs in the form of Onsager relations.
Here, we choose, somewhat arbitrarily, to exclude couplings
between mass and energy in formulating constitutive equa-
tions for an interface. Hence, we write the following constitu-
tive equation for the normal component of velocity

IS IS | 1, 1
m_ I _ s M u Lp+p
(V —v).n—f,, |:Tg(ﬁ_F>+§—pl—pH

A 1 !
VY R AV

where ¢, is a coefficient characterizing the phase conversion
process. For the energy flux-temperature difference terms in
(41), we ensure nonnegativity by assuming the following
constitutive equations

(VH _ VI)2

(48)

T'=T°==Rg[(vV'=v")h'+ji] - n (49)
T =T =R (V' —v)h" +j]] - n (50)
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where the Kapitza resistances RE and RY characterize heat
flow through the interface.”™ It is important to emphasize
that less ambiguous, and more general, constitutive equations
could be obtained by including cross effects. Constitutive
equations having forms similar to those in (47)—(50) have
been developed using a different approach.’

It is natural that the difference in chemical potential
divided by temperature between the bulk phases occurs in
the phase conversion rate in (48), with some mechanical
modifications. If &,=0, there is no mass transfer across the
interface, and from (22) and (23) we have

voon=y =y 51)

which means the normal components of velocity are continu-
ous across the interface. The slip law(47) may be considered
as purely mechanical, and it involves bulk properties only. If
=0y, then, we have the no-slip condition

v‘lll = vh (52)

and the tangential components of velocity are continuous
across the interface. If heat is produced in the interface, the
constitutive assumptions (49) and (50) allow heat to flow
into both bulk phases. If there is no resistance to heat flow
RE =R =0, then, we have

T'=1"=T1" (53)

or continuity of temperature at the interface. Although our
derivation of all constitutive boundary conditions relies heav-
ily on the local equilibrium assumption, one does not notice
that in (47), which is independent of the state of the inter-
face. The interfacial temperature 7° appears in (48)—(50),
however, and the local equilibrium assumption obviously
plays a crucial role.

As in the bulk, the evolution for 7° comes from the bal-
ance equation for internal energy. Using (21)—(23), we can
write (42) as follows

85 uS
ot

Z—VH . (vzef us+j;)—L£SVH . vfr —n’: VHVS

11 I 1 1\ !
oty (T (L
(V V)H <II ,OI n pII pI (54)

CANE 1 1\

G i) | Gr)
Note the similarity between (4) and the first line of (54). The
forth term on the right-hand side of (54) is a source due to a
discontinuity in the tangential velocity (slip), and the last
term is a source due to a discontinuity in the normal velocity
(phase change). The temperature of the interface T°
follows most conveniently from the excess energy density u°
in the gauge p°=0, which from (34) and (35) give
u*=y—Tsdy/dT®. Substitution for u* along with (45) and
(46) in (54) gives

""The Kapitza resistance is usually introduced via the temperature difference rather
than the difference of inverse temperatures.
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dy
Vdef VHTS> =5 VHTS'FTS V” 'v§1ef

TS
- deZ ( o dTs
+n [(VHVS) . 5”+6H . (VHVS)T_(VH . VS)(sn} : VHVS
+9V) vt [ —v*)A" +J (vI—vs)hI—qu}

1T I -1
01 T T 1_1
+v V)H'<T T)'"(T —1>
P p Pl p
T 4 1 1\ !
) e T

where we have taken 1° to be constant. Notice the similar-
ity between (55) and (12), and one might identify the fac-
tor —T° dez =T*4 as the heat capacity per unit area of the
interface. A similar, but somewhat less general, evolution
equation for interfacial temperature has been proposed.'?

The jump mass balance (20) provides a relationship between
p'and p™. The constitutive equations in (47) and (48) provide a
boundary condition relating v' and v"". The second boundary
condition for velocity is given by the jump momentum balance
(21) that, through the pressure tensor, relate both the pressure
and gradient of velocity in each phase. The interfacial velocity
v* defined in (19) is determined from the bulk phase densities
and velocities. Boundary conditions for 71 and 7™ in terms of
T® and »v* are given in (49) and (50). The second boundary con-
dition relating 7', T", and T® and their gradients is given in
(55). Note that the gauge invariance condition (37) remains as
an additional condition for the jumps of bulk densities involving
the state of the interface; only at global equilibrium is this result
redundant with (21). This condition expresses the validity or
approximate validity of the local equilibrium assumption and
needs to be checked separately.

(55)

Examples

Here, we consider several examples to demonstrate how
boundary conditions can be formulated from the interface
balance and constitutive equations developed in the previous
sections. Let the interface separating Phases I and II be a
spherical surface having unit normal =4, and location r=R
(see Figure 4). For convenience, we take the density in each
phase to be uniform so that we can write p'=p and p"=p
where p and p can still depend on time. Velocity and tem-

Figure 4. Schematic of spherical interface with unit
normal n separating Phases | and II.
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perature fields in each phase will be denoted as follows: v'=

»(R),v"! =¥(R) and T'=T(R),T" =T(R), which emphasizes
that fields in the bulk phases are evaluated at the interface.
(The dependence of these fields on angular variables and/or
time is not expressed explicitly.)

Momentum and energy transfer

We first consider a stationary (v* - n=0) and nondeforming
(v3et =0) interface across which there is no mass transfer, and
assume symmetry about the xs-coordinate so that velocity and
temperature fields are independent of ¢. This situation occurs
when a uniform velocity or temperature gradient is imposed far
from the sphere. In the absence of mass transfer, the normal
velocities are constrained by (51) and the jump mass balance is
trivially satisfied. Hence, we have the boundary condition

v (R)=v,(R) (56)
For this case, the normal component of the jump momentum
balance (44) gives

8v,
81

ov,
or

(R)=p(R)-21 5 (R)=2 (57

p(R)—

If we further assume 7y is constant, the transverse component
of (44) simplifies to the following: n - 1! o =n- 7. IR
using (10), we can write the following boundary condition
for the tangential velocity

G- = |5 - 2]

(58)

where 1 and i are the viscosities of Phases I and II, respec-
tively. To formulate a second boundary condition for the tan-
gential velocity, we use the constitutive equation in (47) with
an isotropic mobility coefficient given by & ={;p 8. Combin-
ing this with the transverse component of the jump momentum
balance we obtain: (vH—vI)H:anEH -7l - n. Using (10), the
relevant component of this result gives the boundary condition

e M]

) ~50(R) =g G ()2 59

which is the well-known Navier-slip law. The product g, 7
appearing in (59) is sometimes referred to as the “slip length,”
which is useful in describing flows of rarified gases and non-
Newtonian fluids in contact with solid surfaces. It is remark-
able that, in our approach, the Navier-slip law arises directly
from an analysis of the entropy production at the interface.

We now examine thermal effects and formulate boundary
conditions for temperature. For the case under consideration,
the temperature equation (55) simplifies, using (9) and (59),
to the following

—‘(R)=)~—j(R)— —[oR)=T(R)]  (60)

where /4 and A are the thermal conductivities of Phases I and
IL, respectively. The remaining temperature boundary condi-
tions are obtained from (49) and (50), which when combined
with (60), gives the following

1Is
T(R)~T(R)= (R +RY )i TL (R)+ 25
>slip

vo(R)=vo(R)]> (61)

The boundary condition in (60) shows that frictional heating
due to imperfect slip leads to a discontinuity in energy flux,
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and the boundary condition in (61) shows that interfacial
resistances and slip can lead to a discontinuity in tempera-
ture, at an interface. For this example, we require two
boundary conditions each for the two components of velocity
and temperature fields in the bulk (for a total of six), which
are given in (56)—(61). No boundary condition for the mass
density is required because we have assumed uniform den-
sity in the bulk phases.

Mass and energy transfer

For our second example, we consider a homogeneous and
nondeforming (vj.=0) interface at which there is mass
transfer (phase change). The interface velocity has only a
normal component v* - n=dR/dt. Here, we assume spherical
symmetry so that fields depend only on radial position r and
velocity in the bulk phases is purely radial. This example is
applicable to the growth or collapse of a spherical particle or
bubble in an otherwise stationary fluid. The jump mass bal-
ance (20) takes the form

dR dR
w(R)-E:e(v,.(R)—E) ©2)

where e=p/p is the ratio of densities. The normal compo-
nent of the jump momentum balance (44) can, neglecting
inertia (left-hand side), be written as

O

_0v,
p(R)=2n B

(R=p(R)-201 5 (R)~2%  (63)

R

where we have again taken the bulk phases to be Newtonian
fluids. For this case, the temperature equation (55), neglect-
ing kinetic energy effects and using (62), simplifies to the
following

cd*y T _ydR . OT - 0T
a o Crar o BT B
~ dR\ [ - _0v, vy
+ (v,A(R) E) {h(R) eh(R)—27 B (R)+2en o (R)

(64)

Particularly interesting is the first term on the right-hand side
of (64), which expresses a heating of the interface for expan-
sion of the bubble against the interfacial tension, or cooling
for a shrinking bubble. From (49) and (50), we can write the
following temperature boundary conditions

T(R)—T*=—Rg [(v,.(R)— %’:) eh(R)—/l% (R)} (65)

T(R)—T* =Ry [(v,,(R) — Z—If) h(R)—4 %,Tj (R)] (66)

To complete the formulation, we must find an expression for
the velocity difference appearing in (62) and (64)—(66). The
constitutive equation in (48) gives the following expression
for the rate of phase change

_d_R: éﬂ A /i(R)_ﬂ(R) _ 76‘71‘
di (1—e¢)? [pT<(R) T(R)) 215, (R)

v,
+2en o (R)}

7.(R)

'\]

(67)

As expected, we see in (67) that the rate of phase change is
proportional to the difference in the ratio of chemical poten-
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tial to temperature, modified by viscous stresses, between the
bulk phases. For this example, we require two boundary con-
ditions each for the radial velocity and temperature fields in
the bulk, plus one each for the interfacial position and tem-
perature (for a total of six), which are given in (62)—(67).

Marangoni effect

In our final example, we consider steady flow around a
spherical bubble or liquid drop driven by a gradient of inter-
facial tension. We take the interface to be stationary
(v* - n=0) and assume symmetry about the x3-coordinate. In
the absence of mass transfer, from (51), we have the bound-
ary condition

v (R)=7,(R) (68)

and the normal component of the jump momentum balance
(44) again gives
_ Ov,

v, o,
nar

R)=p(R)—2
(R)=p(R) 27!
For convenience, we take #n°*=0 so that (44) gives:
n-tt- 5H =n-7l. 5H +V”y, which leads to the following:

vy _Vg(R) . vy _VQ(R) _ dy 10T®
”{E(R) R ]_”[_ k dT5R 90

Y
p(R) (R)—2 (69)

o (R) == (70)

For this example, we again take the mobility coefficient to
be isotropic and use (47) to obtain a second boundary condi-
tion for the tangential velocity

vy _VH(R)}+

Egin dy 10T
VH(R)_VH(R):éslipn{ﬁ(R) R e 57

1—edTsR 00

(71)

where e=p/p. The slip law (59) is modified by the stress
resulting from spatial variations of the interfacial tension.
The boundary conditions in (70) and (71) require the interfa-
cial temperature, which from (55) can be written as

S dzy (VZef )0 8T\ _ 7S d? 1 8 S :
a2 R 00 L arsRen00g e Josin ]

9 [ o\ ar, T
+ )+ i—(R)— 1=
R2sin090 (S"‘an) or R (B)

+

£ o R) o R+ R) 50 R 5 5

(72)
From (49) and (50), we can write the following temperature
boundary conditions

ar

_7s_pls
T(R)=T"=R /.~ (R) (73)
'l _s—_pllsy 8T
T(R)-T Ry A—ar (R) (74)

Finally, from (19) and (71), we have the following expres-
sion for the interfacial velocity

; 1 1\ '/ [0 R
(Vier Jo=Vo(R) +Eqip (5— E> (,1 {% (R)_W](e )]
(75)
1 dy 19T
Eﬁﬁ%)

Hence, the velocity and temperature fields in the bulk are
coupled through the boundary conditions in (70)—(72). For
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our final example, we require two boundary conditions each
for the two components of velocity and temperature fields in
the bulk plus one each for the interfacial velocity and tem-
perature (for a total of eight), which are given in (68)—(75).

Summary

The description of systems comprised of two or more bulk
phases involves equations governing density, velocity, and
temperature fields in each phase, and boundary conditions at
interfaces that separate the bulk phases. The well-known
evolution equations for bulk fields are based on conservation
equations for mass, momentum, and energy, supplemented
by constitutive equations whose form is guided by thermody-
namics. Boundary conditions, which describe the interaction
between bulk phases, are formulated from equations that
express the same conservation laws as in the bulk.

The formulation of balance and constitutive equations for
interfaces, however, involves a number subtle issues. In par-
ticular, the identification of excess densities relevant for the
description of an interface is ambiguous. In previous work,
these ambiguities are avoided by allowing all excess den-
sities to exist, or by excluding them entirely. The result of
the latter approach are so-called jump balances. In the pres-
ent work, we have handled this ambiguity using the principle
of gauge invariance. Following this nonstandard approach,
we have formulated a physically consistent set of equations
describing interfaces that express mass, momentum, and
energy conservation. In addition, we have used thermody-
namics to guide in the formulation of constitutive equations
for transport both within the interface and between the inter-
face and bulk phases. For the latter, we have chosen to
exclude coupling between mass and energy transport.
Included in these results are expressions for tangential veloc-
ity differences having the Navier-slip law form and for tem-
perature jumps in terms of Kaptiza resistances. However,
more general constitutive assumptions in terms of a matrix
of Onsager coefficients would also be possible. Recently, a
generalized nonequilibrium thermodynamic framework has
been developed for interfaces that is not restricted to linear
constitutive equations.'> The most appropriate form of the

constitutive equations, including possible cross effects, needs
to be found experimentally.

We have presented examples that illustrate how the com-
plete set of conservation and constitutive equations can be
used to formulate boundary conditions for interfaces at
which mass, momentum, and energy transport occur simulta-
neously. These boundary conditions involve interesting cou-
plings between mass, momentum, and energy transport that
result from slip and interfacial thermal resistance.
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